Abstract: Recovering 3D structures from the monocular image sequence is an inherently ambiguous problem that has attracted considerable attention from several research communities. To resolve the ambiguities, a variety of additional priors, such as low-rank shape basis, have been proposed. In this paper, we make two contributions. First, we introduce an assumption that 3D structures lie on the union of nonlinear subspaces. Based on this assumption, we propose a Non-Rigid Structure from Motion (NRSfM) method with kernelized low-rank representation. To be specific, we utilize the soft-inextensibility constraint to accurately recover 3D human motions. Second, we extend this NRSfM method to the marker-less 3D human pose estimation problem by combining with Convolutional Neural Network (CNN) based 2D human joint detectors. To evaluate the performance of our methods, we apply our marker-based method on several sequences from Utrecht Multi-Person Motion (UMPM) benchmark and CMU MoCap datasets, and then apply the marker-less method on the Human3.6M datasets. The experiments demonstrate that the kernelized low-rank representation is more suitable for modeling the complex deformation and the method consequently yields more accurate reconstructions. Benefiting from the CNN-based detector, the marker-less approach can be applied to more real-life applications.
Introduction
Most of the video or image data used nowadays are captured by a single RGB sensor, such as cell phone cameras, which is one of the most widely used sensors. Recovering the 3D structure from such data is an active research field in computer vision and computer graphics communities. In this work, we focus on tackling the problem of reconstructing the complex 3D motions, especially for the 3D human poses, from the monocular image sequence. This is an inherently ill-posed problem since the same projection can be captured from different 3D structures. To resolve the ambiguities, several approaches relying on additional priors have been proposed. To be specific, lots of methods have been presented to solve the 3D human pose estimation problem, which leverage more priors from human bodies.
The seminal factorization [1] of Non-Rigid Structure from Motion (NRSfM) techniques was proposed to tackle the non-rigid problem via extending its rigid version [2] . In Xiao et al. [3] , the shape basis constraints is presented to resolve the inherent ambiguities and derived the closed-form solution. Akhter et al. [4, 5] showed the dual approach which modeled 3D trajectories under basis constraints. In addition, the trajectory-space method was proposed in Gotardo and Martinez [6] . In Akhter et al. [7] , it proved that, even though there is an ambiguity in shape bases or trajectory bases, non-rigid shapes can still be recovered uniquely. Based on this, a prior-free method [8] was introduced to estimate the 3D non-rigid structures and camera rotations by only exploiting the low-rank shape assumption. In Wang et al. [9] , they use the low-rank assumption in a similar way, but an Accelerated Proximal Gradient (APG) algorithm solver is employed to solve the resulting problem. Furthermore, the method in Gotardo and Martinez [10] combined the shape basis model and trajectory basis model, and revealed trajectories of the shape basis coefficients. The Procrustean Normal Distribution (PND) model was proposed in Lee et al. [11] , where 3D shapes are aligned and fit into a normal distribution. Simon et al. [12] exploited the Kronecker pattern in shape-trajectory (spatial-temporal) priors. Then, Zhu and Lucey [13] combined the convolutional sparse coding technique with NRSfM by using point trajectory. Nevertheless, it requires learning an over-complete basis of trajectories. Most recently, a novel part-based method has been proposed in Lee et al. [14] . For most existing approaches mentioned above, the performance highly depends on the complexity of the 3D non-rigid motions. Generally, the correspondences between different frames are assumed to be given, by e.g., infrared markers. As a consequence, they usually fail to handle the reconstruction problem in uncontrolled scenarios with complex non-rigid motions.
The human body is an important subject in nonrigid reconstruction since reconstruction of 3D human structures has broad applications, such as athletic training, computer animation and gait analysis. Using multi-camera systems [15, 16] can easily resolve the ambiguities in non-rigid reconstruction problems, and the requirement for dedicated equipment prevents the methods from applying in more practical scenarios. Using a depth camera can also avoid the ambiguities in monocular 3D non-rigid reconstruction problems [17] . Since 3D information can be directly obtained by depth-cameras, the problem of recovering 3D human poses can be formulated as problem of 3D tracking [18] . However, massive existing videos are captured by the single RGB camera. Therefore, estimating 3D human structures from monocular image sequence is still an essential task. In Rádlová et al. [19] , a model-based approached was presented. According to Sigal [20] , estimating the accurate pose on single frame is an ill-posed problem, and exploiting all available information across the sequence can promote performance [21, 22] . Latent Variable Models (LVMs) are often used in the literature [23, 24] . Tian et al. [25] proposed a discriminative approach that leverages LVMs, and successfully addressed the over-fitting and poor generalization problem. In Zhu et al. [26] , the human body is classified into several parts; a pre-defined human model is fitted to the input images; and the dense reconstruction is yielded. Ek et al. [27] presented a method relying on the Gaussian process latent variable models (GPLVM), in which a parametric mapping from pose to latent space is learned to enforce a one-to-one correspondence. In the work of Tekin et al. [28] , they employed two convolutional neural networks to align the bounding boxes of the human in consecutive frames, then created the data volume and reconstructed the 3D structure from the volume with Kernel Ridge Regression (KRR) and Kernel Dependency Estimation. With the advent of deep learning, it is obvious that using CNN to obtain the human joint detection or to estimate the 3D structures directly attracts more and more attention [29] . For more details, a comprehensive survey can be found in Gong et al. [30] .
In this paper, we present an NRSfM method to tackle the problem of recovering complex 3D non-rigid motions from a monocular sequence. The term 'complex' here means that the entire motions are composed of several different 'primitive' or 'simple' actions. The proposed method empirically shows that the assumption, i.e., 3D shapes lie on the union of nonlinear shape subspaces, is better than the linear version [31] in modeling complex 3D non-rigid motions. We formulate this assumption as kenerlized low-rank representation and model the motion recovery as solving an optimization problem.
The experiments demonstrate that our method has better performance than the state-of-the-art methods, especially for tackling the complex motions. Moreover, using the outputs, called joint heightmaps in this paper, of a CNN-based human joint detector [32] can remove the dependency on markers. As a result, our method can be applied to more practical scenarios. We can conveniently switch between the joint heightmap based data term and the traditional re-projection term. This yields two versions of our method-marker-based and marker-less versions-and ensures the method can be applied more broadly.
Motivations
Before we introduce the proposed method, let us give a brief review of two lines of research that are most relevant to our method. One is the NRSfM based on low-rank shape constraints, and the other is low-rank representation.
NRSfM with Low-Rank Priors
In Dai et al. [8] , an NRSfM method only relying on low-rank priors was proposed. Given the tracked feature points, e.g., human joints in images, the reconstruction is modeled as the following optimization problem:
where X ∈ 3N P ×N F is the 3D structure matrix to be estimated, which stacks 3D coordinates of all the N P feature points at all the N F frames. The first term in Equation (1) is a re-projection term that encourages projections of the estimated 3D structures to be close to the observations in W. In this term, W ∈ 2N P ×N F and R ∈ 2N F ×3N F are observation matrix and rotation matrix, which encode the camera rotations and 2D positions of tracked feature points (human joints for human pose estimation), respectively. The second term encourages the 3D structures at all the frames to be low-rank. In other words, all the 3D structures can be represented by linear combinations of a few 3D structure bases, the number of which is much smaller than the number of the frames. Note that the shape basis is not obtained explicitly here. By contrast, the nuclear norm used in the first term ensures that estimated 3D structures should be as low-rank as possible. The relative weight µ is to control how strong this prior influences the resulting reconstruction. Therefore, this makes the original monocular non-rigid reconstruction problem well-constrained. However, when motions are complex, 3D structures are quite different from each other, and the low-rank assumption is broken since 3D structures don't lie on a single low-rank linear space. In this case, either a high-rank shape space or multiple subspaces are needed to represent the 3D structures.
Low-Rank Representation
Low-rank representation (LRR) [33] was proposed to seek the desired low-rank affinity matrix Z via solving the optimization problem in Equation (2):
where X is data matrix and E is error matrix. In particular, LRR uses the self-expressiveness property of data, i.e., each data point in a union of subspaces can be efficiently represented as a linear combination of other points. When pursuing the low-rank affinity matrix, the data points are assigned to different subspaces implicitly. This property ensures LRR can be an effective regularization to handle the complex motions in NRSfM problem [31] . To this end, the formulation is as follows:
Nevertheless, the deformation of non-rigid object, e.g., human body, is often nonlinear. To better model the nonlinear deformation, the traditional approach is mapping the data point to a higher-dimension space in which the linear low-rank structure can be obtained. We empirically find that the kernerlized low-rank representation (KLRR) method [34] has better performance on human motion clustering than original LRR. To this end, we introduce the KLRR as a regularization to the NRSfM problem.
Formulations
In order to recover the highly complex 3D motions (also named structures, shapes or deformations) from a monocular image sequence, we map the 3D structures to a space with higher dimension, as shown in Equation (4) 
We follow the definition of notation above. Assuming the object is human body whose motions are captured by an orthographic camera, the aim of the proposed method is to recover the 3D position of its joints from the given 2D location of joints only. X ∈ 3N P ×N F is the 3D motion matrix; here, the 3D coordinates are defined in the camera coordinate system. In both matrices X and X # , vector x p, f stacks the 3D coordinates of p th joint at frame f , but they have different arrangement of these vectors. R is the 2N F ×3N F block-diagonal matrix of N F orthographical camera matrices. The given 2D tracks of all the joint points are in the observation matrix W ∈ 2N F ×N P , and E is an error matrix with the same dimensions of W. The Φ(X) is the defined mapping, such that the mapped X resides in multiple linear subspaces. In addition, the matrix Z ∈ N F ×N F is the affinity matrix, i.e., the self-expressive coefficient matrix. Note that the noise in this problem usually occurs at the tracking or joint detection process. In this work, the part of tracking or detection is assumed to be given by other existing methods. Certainly, such tracking or detection approaches could not yield the perfectly accurate results. Thus, when dealing with the re-projection constraint, we use the matrix E to model the possible re-projection error. Furthermore, we penalise the more robust L 1 norm rather L 2 norm of this matrix. It ensures that the method is relatively robust to the outliers of observation.
The low-rank shape priors is preserved in our framework. In Equation (4), λ 1 X * is to exploit the low-rank nature of non-rigid objects, and the constraint W = RX # + E is used to penalize the re-projection error. Note that nuclear norm, a convex approximation of matrix rank, of X, rather than X # , is minimized here, as described in Dai et al. [8] . This is because the rank of X is bound by min(N F , 3N P ), whereas the rank of X # is bound by min(3N F , N P ). Minimizing the rank of X is preferable as it attempts to directly learn redundancies among frames.
The information revealing the low-rank subspaces structure exists in the affinity matrix Z. By applying the spectral clustering to Z, the explicit structure can be obtained. More details about this process can be found in [33, 34] . Nevertheless, our method doesn't need the explicit subspace structure. It only needs to ensure that the 3D structures from a lower rank subspaces are preferred by minimizing the nuclear norm of Z. If the low-rank subspaces assumption holds, this term will be a proper regularization for NRSfM problem with complex 3D motions. Unfortunately, LRR may not yield satisfied results when the 3D structures are actually from the nonlinear subspaces, since it is originally designed to handle the linear case.
Due to this drawback of LRR, we exploit the kernel-induced mapping X → Φ(X). We denote the column in X as {x i }
, where x i ∈ 3N P , define the kernel matrix K ∈ N F ×N F , and then the elements of K are calculated as follows:
where
In the remainder of this paper, we use K to represent K(X) for short. We can rewrite Equation (4) as follows:
Equation (7) above is designed for the general purpose. When considering the special case, e.g., recovering the 3D motions of human bodies, we can leverage additional particular priors. The exploited prior is that the length between the connected joints is invariable. Given the set of all the pairs of connected joints E , the inextensibility constraints can be written as:
where x f ,p stacks the 3D coordinates of point p at frame f . The l = {l p,q } are unknown, in which l p,q encodes the length between the pairs of connected joints p and q, and thus act as the auxiliary variables to be determined by our algorithm. Adding Equation (8) into Equation (7), we have the final objective function as follows:
In this formulation, the observation matrix W is often obtained by setting markers on the subject. Nevertheless, in some daily-life scenarios, e.g., recovering 3D human motions using a camera on the mobile phone, markers are usually unavailable. To this end, we provide an optional version of our method in which an CNN-based human joint detector [32] is employed. By a small modification, Equation (9) can be conveniently converted to a marker-less version as follows:
where the function H(Ŵ) is yielded by the CNN-based detector. For arbitrary joint point p and frame f , the CNN-based detector provides a heightmap h f ,p with the same size of input image. The pixel in the heightmap h f ,p takes a non-negative value, which indicates how possible it is the projection of the joint p at frame f . Therefore, the function H(Ŵ) is calculated as follows:
whereŴ = {ŵ f ,p } is the auxiliary variable introduced for the convenience of optimization. Theŵ f ,p stacks the 2D image coordinate of the projection of 3D point x f ,p .
Optimization
In the previous section, capturing 3D human motions from monocular images is formulated as solving the optimization problem (9) . We use ALM to solve the yielding optimization problem. By introducing auxiliary variables C andX, the complete Lagrangian formulation is:
where Γ 1 and Γ 2 are the Lagrangian multiplier matrices. In iterations of Algorithm 1, the variables {X, Z, E, C, l} are alternatively solved. When solving each subproblem, the other fixed variables are regarded as constants; hence, we ignore the iteration index for these variables. Then, at the end of each iteration, the penalty factor µ and Lagrangian multiplier matrices Γ 1 , Γ 2 and Γ 3 are updated.
Algorithm 1:
Solving problem (12) by ALM.
The Solution ofX and Z
By a simple derivation, the subproblems of solving Z andX can be written as the following optimization problems:
whose formulation is the same as that of the standard problem in Cai et al. [35] . For this reason, there are closed-form solutions for Z andX. In the iteration k, these variables are updated by
where D τ (·) is the Singular Value Decomposition operator. The readers can refer to Cai et al. [35] for mode details.
The Solution of X
The subproblem of solving X has no closed-form solution due to the existence of non-convex terms. It is obvious that the subproblem can be converted to a nonlinear least square problem by the similar derivation, which is used to get Equation (13) . Exploiting the gradient-based iterative optimization algorithm [36] , we get the estimation of X at iteration k:
(15)
The Solution of E
Fixing X,X, Z, C and l, the cost function is reduced to
The resulting l 1 minimization problem has a closed-form solution:
where S τ (·) is the element-wise shrinkage thresholding operator [37] .
The Solution of C and l
Since K is semi-definite positive matrix, both subproblems for solving C and l are convex:
The subproblems have closed-form solutions. Setting the derivatives to zero first, we then solve the yielded linear least square problems to obtain the solutions:
For the existence of non-convex term and multiple blocks in our proposed objective function, the convergence of ALM is not guaranteed. Nonetheless, the Algorithm 1 successfully converged in our experiment as shown in Figure 1 . For all the experiments, we leverage the resulting X from PTA [5] as the initialisation. Figure 1 . Convergence curve. We test our TUNS method on '56-02' sequence in CMU MoCap datasets is used here. We plot the residual of the objective function (left) and the residuals of three constraints (right).
Experiments
We make the quantitative evaluation on two benchmarks: (i) synthetic camera 2D projections generated from the 3D CMU Motion Capture (MoCap) dataset, (ii) real-world 2D projection from the 2D point-tracks of video in Utrecht Multi-Person Motion (UMPM) [38] dataset. Furthermore, the performance of our marker-less algorithm is illustrated on the Human3.6M. We compare our approach, which is denoted as TUNS (temporal union of nonlinear subspaces) in the remainder of this section, against six NRSfM baselines: point tracking algorithm PTA [5] , the trajectory-sapce method CSF [6] , the block matrix method BMM [8] , the temporal union of subspaces TUS [31] , the accelerated proximal gradient optimization APG [9] and the consensus NRSfM of CNR [14] . For PTA [5] , CSF [6] , BMM [8] , CNR [14] , we use authors' implementation in experiments. For PTA [5] and CSF [6] , we manually set the rank of the subspace to the value yielding the best results. For TUS [31] and APG [9] , since there are not publicly available implementations, our re-implementations are adopted in comparison. We test such re-implementations and get similar results to what the authors reported in [9, 31] .
Subspaces Analysis
We empirically demonstrate why the nonlinear low-rank representation could further help the reconstruction. To illustrate the effectiveness of utilising LRR and KLRR to recover the low-rank structures of 3D human motions, we select the motion sequence 'p1_grab_3' from the UMPM benchmark. We apply both LRR and KLRR to the 3D motions to get the affinity matrices. Meanwhile, our reconstruction method also produces an affinity matrix. The difference is that LRR and KLRR estimate the affinity matrices on the 3D data directly; however, our method jointly estimates the 3D motions and affinity matrix from the 2D projection. Applying spectral clustering algorithm to these affinities, the motion clustering results are yielded. Obviously in Figure 2 , the colour in the first row of the colour bars changes more frequently. This phenomenon is not preferable, since the image sequence is temporally consecutive. In other words, the LRR approach divides quite similar motions into different categories. Nevertheless, the clustering result based on KLRR, which has high temporal consistency, is quite close to the result of our method. As shown on bottom right of Figure 2 , the affinity matrix from KLRR has higher clarity of the low-rank structure than the one from LRR. This experiment demonstrates that the nonlinear low-rank representation is more suitable to model the complex 3D motions than its linear counterpart. From the top down, the clustering results are obtained from the affinity matrices yielded by LRR [33] , KLRR citeXiaoTNNLS15 and our method, respectively. For the first two rows, the LRR and KLRR are applied to the 3D motions 'p1_grab_3' from the UMPM benchmark. For the third row, the affinity matrix produced from the reconstruction process is exploited. On the bottom, two rows of 3D motions and the clustering in a short and consecutive interval are visualized in a dash-line box. The first row is produced by KLRR and the second one is from LRR. The corresponding affinity matrices are shown on the right side.
Quantitative Evaluation
We quantitatively compare our TUNS approach with six baselines on 20 sequences of subjects 56 and 86, which contain several primitive actions, in CMU motion capture datasets. The synthetic 2D projections are generated by a randomly rotating orthographic camera, which rotates with the y-axis of camera and is always pointing at the centre of the body. Our TUNS approach and baseline methods are employed to reconstruct the 3D motions from the synthetic 2D projections. Since the monocular reconstruction has a global scale ambiguity, a type of mean relative reconstruction error e mean , which is utilised in [8] , is employed in this paper. This error is computed as follows: (20) where σ f x , σ f y and σ f z are the standard deviations in x, y, and z coordinates of the original shape at frame f . For each joint p, e f p is the distance between its reconstructed 3D position and its ground truth 3D position at frame f . Meanwhile, we report the median error which is computed as follows:
As reported in Table 1 , our TUNS approach yields more accurate reconstructions than the baselines. PTA [5] can give a close-form solution that can be easily used as initialization for all the nonlinear optimization based algorithms. For CSF [6] , it is not suitable for recovering the complex motion, since it has high space complexity with respect to the rank K. BMM [8] utilises no prior but the low-rank subspace. In such a method, the motions are assumed to lie in a single subspace. Consequently, it is less effective when recovering the complex motion. APG [9] inherently uses the single subspace, whereas it performs better than BMM [8] since a more effective rank-minimisation technique is employed. The part-based method CNR [14] , which is more adept at handling complex shape configurations, yields better reconstruction of subject 86 than the subject 56, since sequences of subject 86 have more points than subject 56. Nonetheless, for the complex motions, using temporal union of subspaces (TUS and TUNS) can yield better reconstruction than the other methods. Benefiting from the kernel technique, our TUNS yields even more accurate reconstructions than TUS.
Meanwhile, we also evaluate the performance of our approach by reconstructing 3D motion from real-world 2D projection stemming from 2D point-tracks of videos in UMPM. Our TUNS and baselines are tested on the three sequences 'p1_grab_3', 'p3_ball_12' and 'p1_chair_2'. In Table 2 , it shows that our method produces more accurate reconstructions. It demonstrates that TUNS is suitable for tackling the long-term sequence with complex motions. The reconstructions of some selected frames from UMPM datasets are shown in Figures 3-5 . Please note that Figure 5 illustrates that our TUNS approach is even effective in multi-object cases. frame #475 frame #945 frame #1420 frame #1890 frame #2360 frame #450 PTA CSF BMM TUS APG CNR TUNS 
Qualitative Evaluation of Marker-Less Method
As described above, our method can be easily converted to the marker-less version. Cooperating with the CNN-based human joint detector, our method obtains accurate results as shown in Figures 6 and 7 . Note that the employed detector is not restricted to the one proposed in [32] . Any detector that provides the heightmaps can be introduced into our framework. This proves that our method is effective in more practical scenarios. The visualization of results from nine selected frames are shown from left to right. For each frame, the heightmaps of all the joints are displayed together in the first row, the projection of our reconstructed 3D human structure is plotted in the second row and the reconstructed 3D structure is shown in the bottom row.
Discussion
Our method is also limited by the reconstructability problem, the same as the previous NRSfM techniques. When the input sequence has a small range of viewpoints and the human body is extremely small, the method yields poor reconstructions. In such cases, more additional priors are needed to obtain the robust 3D reconstructions, such as pre-learned shape basis, trajectory basis or temporal consistency. Moreover, camera rotation estimation is not taken into account in this paper. Similar to the method in [31] , how to optimize the camera rotations along with estimating the 3D structures under the assumption, i.e., union of subspaces, is still an open problem.
Conclusions
In this paper, an NRSfM approach is proposed to recover complex 3D human motions from monocular RGB images. Kernelized low-rank representation, which empirically proves to be more effective to represent complex human motions, is introduced to the NRSfM framework. Combining with the soft inextensibility constraint, our method produces more accurate reconstruction against the baseline approaches. The qualitative analysis illustrates that our KLRR-NRSfM method can be conveniently converted to the mark-less version without dependency on the given tracks. However, some issues are still open for future research. For example, promoting the reconstruction accuracy is a challenging task when the range of viewpoints is extremely small, and estimating the camera rotations under the union of nonlinear shape subspaces assumption is also a future work, which is crucial for applying the method to more practical real-life scenarios. Additionally, the 2D locations of joints might be lost due to the occlusion. In the marker-based method, the 2D location of joints is often obtained by tracking the infrared markers. By contrast, in the marker-less case, the CNN-based detector is relatively robust. Nonetheless, an explicit mechanism is still needed to handle the occlusion for future works. 
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